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GAPS IN THE MILNOR-MOORE SPECTRAL SEQUENCE AND
THE HILALI-CONJECTURE
YOUSSEF RAMI
Abstract. Let X be a simply connected CW-complex, (ΛV, d) its minimal
Sullivan model, and dk the first non-zero homogeneous part of the differential
d. In this paper, assuming (ΛV, dk) elliptic, we prove that there isn’t any gap
in the E∞-term of the Minor-Moore spectral sequence of X. Consequently, we
first deduce that in the cohomology H∗(X,Q) there is no e0-gap and secondly,
we confirm the Hilali conjecture when V = V odd or else when k ≥ 3. This last
result generalizes that of [9] where d is strictly homogeneous.
1. Introduction
The rational dichotomy theorem states that a 1-connected finite type CW-
complex X is either Q-elliptic or Q-hyperbolic [5]. The first ones are characterized
by the inequalities dim(pi∗(X)⊗Q) <∞ and dim(H
∗(X,Q)) <∞. Although they
are not generic, they are subject of many work in rational homotopy theory and
several conjectures are put around them (refer to [7], Part VI for details). Among
these we cite the toral-rank conjecture which is abbreviated by the TRC conjecture
and is due to S. Halperin (see [14] for its different versions). Recall first that the
action of an n-dimensional torus on X is said almost-free if all ensuing isotropy
groups are finite. The largest integer n ≥ 1, denoted rk(X), for which X admits
an almost-free n-torus action is called the toral-rank of X . In [8], S. Halperin con-
jectured the following relation between this rank and the rational cohomology of
X :
Conjecture 1.0.1. (The toral-rank conjecture): If X is a simply-connected finite
type CW-complex, then dim(H∗(X,Q) ≥ 2rk(X).
Refer to [1], if X is a 1-connected finite CW-complex, then rk0(X) ≤ −χpi
where rk0(X) = rk(XQ) and χpi =
∑
k≥0(−1)
kdim(pik(X) ⊗ Q). Therefore, there
is a bridge between the TRC conjecture and the following one posed by M. R. Hilali
in [10] (cf. [9] for more details about this bridge).
Conjecture 1.0.2. (The H-conjecture): If X is an elliptic simply-connected CW-
complex, then dim(H∗(X,Q)) ≥ dim(pi∗(X)⊗Q).
The conjecture (1.0.2) was resolved by different methods for several classes of
spaces, as pure elliptic spaces [10], hyperelliptic spaces [3], elliptic spaces with
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formal dimension ≤ 16 [15] and formal spaces [9]. These results are obtained after
the translation of (1.0.2) in terms of the minimal Sullivan model of X as follow.
Conjecture 1.0.3. (The algebraic version H-conjecture): If (ΛV, d) is an elliptic
minimal Sullivan algebra, then dimH(ΛV, d) ≥ dimV .
Furthermore, refer to [9], an immediate application of [13, Theorem 2.2(B)]
gives a positive answer for (1.0.3) for any minimal Sullivan model (ΛV, d) whose
differential is homogeneous of length l ≥ 3. When l = 2, by [13, Corollary 2.6] this
is the case if ker(d2 : V
odd → ΛV ) is non zero (that is, if the rational Hurewicz
homomorphism is non-zero in some odd degree).
Our goal in this paper is to extend this last result to all minimal Sullivan algebras
(ΛV, d) satisfying the condition:
d =
∑
i≥k
di, (k ≥ 2) and (ΛV, dk) is elliptic.(1)
To this end, we first give another formulation of Theorem 2.2(B) in [13] in terms
of gaps in the Milnor-Moore spectral sequence. Indeed, if ΛV is endowed with
the word length filtration F p(ΛV ) = Λ≥pV , it is straightforward to prove that the
induced spectral sequence has the form:
Ep,qk
∼= Hp,q(ΛV, dk)⇒ H
p+q(ΛV, d).(2)
Notice that since (ΛV, dk) is elliptic and hence dim(V ) <∞, the filtration F
p(ΛV )
is bounded and then (2) is convergent. Consequently, dimH(ΛV, d) < ∞ so that
(ΛV, d) is also elliptic. When (ΛV, d) is the minimal Sullivan model of a simply
connected finite type CW-complex X , this later is isomorphic from its second term
to the Milnor-Moore spectral sequence (cf. [6]):
Extp,q
H∗(ΩX,Q)
(Q,Q)⇒ Hp+q(X,Q).(3)
It is then interesting to recall that Lupton’s main motivation in [13] was the fol-
lowing question asked by Y. Félix [13, Question 3.7]:
Question 1.0.4. Can an elliptic CW-complex have e0-gaps in its cohomology?
Here the cohomology H∗(X,Q) has an e0-gap if it has an element x whose
Toomer invariant e0(x) = k, but does not have any element whose Toomer invariant
is k − 1 (see §2 for the definition of e0(x)). So, in other words, [13, Theorem 2.2
(B)] shows that the cohomology of any elliptic Sullivan model (ΛV, d) with an
homogeneous differential d is without e0-gaps in its cohomology.
Now, H+(ΛV, dk) = ⊕p≥1H
+
p (ΛV, dk), where cohomology classes in H
+
p (ΛV, dk)
are represented by homogeneous cocycles of length p [13]. This implies that
Hp,q(ΛV, dk) = H
p+q
p (ΛV, dk).
Hence, assuming that (ΛV, dk) is elliptic, the aforementioned formulation of [13,
Theorem 2.2 (B)] is as follow:
the spectral sequence (2) has no gaps in its term E∗,∗k .
Notice that in [11, Proposision 2.7], T. Kahl and L. Vandembroucq showed that
the first term of (3) has no gaps and provided a non rationally elliptic finite CW-
complex which presents gaps in the E∞ term [11, Corollary 3.3]. Our main result,
stated below, proves that this can’t happen for some class of rationally elliptic
spaces:
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Theorem 1.0.5. If X is a simply connected finite type CW-complex whose Sullivan
model (ΛV, d) is such that (ΛV, dk) is elliptic, then, at the E∞ term of the Milnor-
Moore spectral sequence (3) of X, there can’t be any gap.
As a first consequence, we obtain a generalization of Theorem 2.2 (B) in [13]
and, by the way, an invalidation to (1.0.4) as follows:
Theorem 1.0.6. Any elliptic CW-complexe whose minimal Sullivan model (ΛV, d)
is such that (ΛV, dk) is also elliptic has no e0-gap in its cohomology.
Returning to the H-conjecture (1.0.2), we state the second consequence of the-
orem 1.0.5 in the following
Theorem 1.0.7. Let X be a simply connected CW-complex X with a minimal
Sullivan model (ΛV, d) such that (ΛV, dk) is elliptic. Then, the H-conjecture holds
if V = V odd, or else if k ≥ 3.
Notice that, under some restrictive hypothesis, the case where V = V odd was
already asserted by A. Amann ([2]), whom I thank for informing and inspiring me
to add such a generalization here.
Acknowledgements: I would like to thank all members of the MAAT for the
beautiful ambiance and atmosphere of work that prevailed within the group. This
work is based on several discussions exchanged during their monthly seminar.
2. Preliminary
Let K be a field of characteristic zero, V = ⊕i=∞i=0 V
i a graded K-vector space and
ΛV = Exterior(V odd)⊗ Symmetric(V even) (V i is the subspace of elements of de-
gree i). A Sullivan algebra is a free commutative differential graded algebra (ΛV, d)
with deg(d) = +1 and V has a well-ordered basis {xα} satisfying dxα ∈ ΛV<α where
V<α = {vβ | β < α}. Such algebra is said minimal if in addition deg(xα) < deg(xβ)
implies α < β. When V 0 = Q and V 1 = 0, this is equivalent to saying that
d(V ) ⊆ ⊕i=∞i=2 Λ
iV =: Λ≥2V . A Sullivan model for a commutative differential
graded algebra (A, d) is a quasi-isomorphism (ΛV, d)
≃
→ (A, d) (morphism inducing
an isomorphism in cohomology) with source, a Sullivan algebra.
When K = Q and X is any simply connected CW-complex, the minimal Sulli-
van model of X is by definition any quasi-isomorphism (ΛV, d)
≃
→ APL(X) where
APL(X) stands for the algebra of polynomial differential forms associated to X [16].
It is related to rational homotopy groups of X by V i ∼= HomZ(pii(X),Q); ∀i ≥ 2
and X is said rationally elliptic if both V and H(ΛV, d) are finite dimensional.
Now, let (ΛV, d) be any minimal Sullivan algebra and consider the graded algebra
morphism pn : ΛV → ΛV /Λ
≥n+1V onto the quotient differential graded algebra
obtained by factoring out the differential graded ideal generated by monomials of
length at least n + 1. The Toomer invariant eK(ΛV, d) of (ΛV, d) is the smallest
integer n such that pn induces an injection in cohomology or ∞ if there is no such
integer. Refer to [6], eK(ΛV, d) is also expressed in terms of the Milnor-Moore
spectral sequence (3) and hence by isomorphism in terms of (2) by the formula
eK(ΛV, d) = sup{p | E
p,q
∞ 6= 0} or ∞ if such maximum doesn’t exists.
Being of a particular interest for our purpose here, we recall that the cohomology
H(ΛV, d) of an elliptic space with formal dimension N = sup{p | Hp(ΛV, dk) 6= 0}
satisfies the Poincaré-duality property in the sens that there are non-degenerate
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pairings
Hi(ΛV, d)×HN−i(ΛV, d)→ HN(ΛV, d) ∼= Q(4)
for i = 1, 2, . . .N − 1 [7, Prop. 38.3].
Consider now x ∈ H(ΛV, d) an arbitrary non zero cohomology class. G. Lupton
defined in [13] its Toomer invariant e0(x) to be the smallest integer n for which
p∗n(x) 6= 0 so that eK(ΛV, d) = e0(ω) =: e, where ω stands for the fundamental class
of (ΛV, d).
Moreover, since H(ΛV, d) is bi-graded, each one of the pairings above restricts
to the following ones
Hip(ΛV, d)×H
N−i
e−p (ΛV, d)→ H
N
e (ΛV, d)
∼= Q(5)
for p = 1, 2, . . . e− 1 [12].
3. Proofs of our results:
Denote by (ΛV, d) (d =
∑
i≥k di, k ≥ 2) a minimal Sullivan model of X . We
recall in what follow, some general facts (extracted mainly from unpublished notes
by S. Merkulov entitled "Notes on the theory of spectral sequences") about the
spectral sequence of a filtered complex essentially to fix notations and terminology
. Recall first that the general term of such spectral sequence is given by
Ep,qr = Z
p,q
r /Z
p+1,q−1
r−1 +B
p,q
r−1,
where
Zp,qr = {x ∈ [F
p(ΛV )]p+q | dx ∈ [F p+r(ΛV )]p+q+1}
and
Bp,qr−1 = d([F
p−r+1(ΛV )]p+q−1) ∩ F p(ΛV ) = d(Zp−r+1,q+r−2r−1 ).
We verify easily that in (2), the (k− 1)−th-term coincides with (ΛV, dk). Therefore
its first term Ep,qk
∼= H(ΛV, dk).
Recall also that the differential δk : E
p,q
k → E
p+k,q−k+1
k in E
∗,∗
k is induced from
the differential d in (ΛV, d) by the formula δk[v]k = [dv]k, v being any representative
in Zp,qk of the class [v]k in E
p,q
k .
Put Z(Ep,qk ) := Ker(δk) and B(E
p,q
k ) := Im(δk). As Z
p,q
k+1 + Z
p+1,q−1
k−1 ⊆ Z
p,q
k , a
natural monomorphism
Ip,qk : Z
p,q
k+1 + Z
p+1,q−1
k−1 /Z
p+1,q−1
k−1 + d(Z
p−k+1,q+k−2
k−1 )→ E
p,q
k
is given by Ip,qk (v¯1 + v¯2) = v1 + v2 =: [v1 + v2]k. Since d
2 = 0, we have d(Zp,qk+1) ⊆
Zp+k+1,q−kk−1 and then d(Z
p,q
k+1+Z
p+1,q−1
k−1 ) ⊆ Z
p+k+1,q−k
k−1 +d(Z
p+1,q−1
k−1 ) which implies
that d(v1 + v2) ∈ Z
p+k+1,q−k
k−1 + d(Z
p+1,q−1
k−1 ). Whence the relation δk ◦ I
p,q
k = 0.
Thus, Im(Ip,qk ) ⊆ Z(E
p,q
k ). With a little more analysis, one shows that I
p,q
k is a
surjection and then we have the isomorphism:
(6) Ip,qk : Z
p,q
k+1 + Z
p+1,q−1
k−1 /Z
p+1,q−1
k−1 + dZ
p−k+1,q+k−2
k−1
∼=
→ Z(Ep,qk )
Analogous argument gives the proof of the isomorphism:
(7) Jp,qk : dZ
p−k,q+k−1
k + Z
p+1,q−1
k−1 /Z
p+1,q−1
k−1 + dZ
p−k+1,q+k−2
k−1
∼=
→ B(Ep,qk ).
Finally, by induction, from (6) and (7) one obtains the isomorphismsE∗r+1
∼= H(E∗r )
(r ≥ k).
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3.1. Proof of Theorem 1.0.5.
Proof. As mentioned in the introduction, there is no gaps in the first term of the
Milnor-Moore spectral sequence (2), that is, referring again to notations of [13], for
any p = 1, . . . , e, there exists a non zero class [ωp] ∈ H
np
p (ΛV, dk). Let [ω0] = 1Q
and H00 (ΛV, dk) = Q. So, by (5), to each [ωp], it is associated another non zero
class [ωe−p] ∈ H
Ne−p
e−p (ΛV, dk) such that [ωe] = [ωp] ⊗ [ωe−p]. Recall also that
np = min{i | H
i
p(ΛV, dk) 6= 0} (resp. Ne−p = max{i | H
i
e−p(ΛV, dk) 6= 0}) are such
that n0 = N0 = 0, ne = Ne = N and np +Ne−p = Ne (1 ≤ p ≤ e− 1).
In the remainder, we will identify Hp,q(ΛV, dk) and E
p,q
k , the first term in (2),
hence [ωp] ∈ E
p,np−p
k and [ωe−p] ∈ E
e−p,Ne−p−e+p
k . We can then take ωp ∈ Z
p,np−p
k
and ωe−p ∈ Z
e−p,Ne−p−e+p
k . Let us denote [ωp] =: ω¯p and [ωe−p] =: ω¯e−p. By
Theorem 2.2. (C) and Lemma 2.1. in [13] the integers np and Ne−p satisfy the tow
equivalent relations:
n2 ≥ 2n1, n3 ≥ n2 + n1, . . . , np+1 ≥ np + n1, . . . , ne ≥ ne−1 + n1
and
Ne = Ne−1 + n1, Ne−1 ≥ Ne−2 + n1, . . . Np+1 ≥ Np + n1, . . . , N1 ≥ n1.
Since H1(ΛV, dk) 6= 0 and V = V
≥2, we have n1 ≥ 2. Therefore, as k ≥ 2 we have
for any p = 1, . . . , e− 1,
(∗) np + 1 < np+k < np+(k+1) < . . . < ne
and
(∗∗) N0 < . . . < Ne−p−(k+1) < Ne−p−k < Ne−p − 1.
Now using the identification above for any p = 0, 1, . . . , e, we have
δk : E
p,np−p
k = H
np
p (ΛV, dk)→ E
p+k,np−p−k+1
k = H
np+1
p+k (ΛV, dk) = 0
and similarly
δk : 0 = H
Ne−p−1
e−p−k (ΛV, dk) = E
e−p−k,Ne−p−e+p+k−1
k → E
e−p,Ne−p−e+p
k .
It results that ∀ p = 1, . . . , e− 1, we have necessarily:
a) δk(ω¯p) = 0¯, so that ω¯p ∈ Z(E
p,np−p
k ). By the isomorphism (6) and due to
its homogeneity of length p, ωp is obligatory an element of Z
p,np−p
k+1 . Hence
d(ωp) ∈ F
p+k+1(ΛV ).
b) ω¯e−p can’t be a δk-coboundary i.e. ω¯e−p /∈ B(E
e−p,Ne−p−e+p
k ).
c) ω¯e is an δk-cocycle that survives to the ∞-term E
e,Ne−e
∞ . In particular we
have ωe ∈ Z
e,Ne−e
k+1 .
Now, since the filtration F p(ΛV ) = Λ≥pV clearly satisfies the relation
F p(ΛV )⊗ F q(ΛV ) ⊆ F p+q(ΛV ), ∀ p, q ≥ 0
(i.e. it is one of filtered graded algebras), the induced spectral sequence (2) is one of
graded algebras. It results from the identification made above that ω¯e = ωp ⊗ ωe−p
which implies that δk(ωp ⊗ ωe−p) = δk(ω¯e) = 0¯. Since ω¯e survives to the term
E∗,∗k+1, then by homogeneity and the isomorphism (6), ωp⊗ωe−p ∈ Z
e,Ne−e
k+1 . Whence
d(ωp)⊗ωe−p±ωp⊗ d(ωe−p) ∈ F
e+k+1(ΛV ). But d(ωp)⊗ωe−p ∈ F
e+k+1 and then
ωp ⊗ d(ωe−p) ∈ F
e+k+1 also. It results that d(ωe−p) ∈ F
e−p+k+1 and then ωe−p ∈
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Z
e−p,Ne−p−e+p
k+1 . Equivalently by identification due to (6), we obtain δk(ω¯e−p) = 0¯.
That is, ω¯e−p is a δk-cocycle, which by b), survives to E
∗,∗
k+1. Now, using a) and c)
below, we see that ω¯p survives also to E
∗,∗
k+1. The relation [ωe] = [ωp] ⊗ [ωe−p] is
therefore valid in Ee,Ne−ek+1 . We finish the proof by induction using the inequalities
(∗) and (∗∗). 
3.2. Proof of Theorem 1.0.6.
Proof. By Theorem 1.0.5, we have E
p,np−p
∞ 6= 0 (p = 1, . . . , e). Using the con-
vergence of (2), we have E
p,np−p
∞
∼= F p(Hnp(ΛV, d))/F p+1(Hnp(ΛV, d)), where
F p(Hnp(ΛV, d)) = Im(Hnp(F p(ΛV ), d)→ Hnp(ΛV, d)). It results that ∀1 ≤ p ≤ e,
there exists [θp] ∈ F
p(Hnp(ΛV, d))\F p+1(Hnp(ΛV, d)) so that e0([θp]) = p. Conse-
quently H(ΛV, d) has no e0-gap. 
3.3. Proof of Theorem 1.0.7.
Proof. By Theorem 1.0.6, we have dimH
np
p (ΛV, d) ≥ 1 for p = 1, . . . , e. As
dimH0(ΛV, d) = 1, it follows that dimH(ΛV, d) ≥ e. Now refer to [12, Theorem
1.], e = dimV odd = +(k − 2)dimV even. Hence, if V = V odd, e = dim(V odd), so the
inequality holds. Now, if k ≥ 3, we have immediately dimH(ΛV, d) ≥ dimV . 
3.4. Remark.
(1) By [13, Theorem 2.5], if d = dk is homogeneous and ker(dk : V
odd → ΛV )
is non zero (i.e. the Hurewicz homomorphism h : pi∗(X) ⊗ Q → H∗(X ;Q)
is non-zero in some odd degree) then dimH∗p (ΛV, dk) ≥ 2 (1 ≤ p ≤ e − 1).
Hence, dimH(ΛV, dk) ≥ 2e ≥ dim(V ) [9]. Unfortunately, for (ΛV, d) with d
non homogeneous and k = 2, we can only deduce from Theorem 1.0.5, that
dimH(ΛV, d) ≥ e = dimV odd. Indeed, we can’t be sure that more than one
basis element in H∗p (ΛV, d2) survives to the E∞-term.
(2) The results cited in this paper permit us to ask for a possible relation between
the H-conjecture, the conjecture 3.4 posed by G. Lupton in [13] and the
question (1.0.4) asked by Y. Félix.
References
[1] C. Allday and S. Halperin, Lie group actions on spaces of finite rank, Quart, J. Math. Oxford
28 (1978), 69-76.
[2] M. Amann , A note on the Hilali conjecture, Forum Mathematicum, Volume 29, Issue 2 (2017)
251-258.
[3] J. F. De Bobadilla, J. Fresan, V. Mono´z and A. Murillo, The Hilali conjecture for hyperelliptic
spaces, Mathematics without boundaries, Surveys in Pure Mathematics, (P. Pardalos and Th.
M. Rassias, eds) (2014) pp 21-36 Springer.
[4] B. B. El Krafi, M. R. Hilali and M. I. Mamouni, On Hilali’s conjectre related to Halperin’s,
JHRS, 3 (2016) 493-501.
[5] Y. Félix, La Dichotomie Elliptique-Hyperbolique en Homotopie Rationnelle. Astérisque, 176,
Soc. Math. France, 1989.
[6] Y. Félix, S. Halperin, Rational LS-category and its applications. Trans. Amer. Math. Soc. 273
(1982) 1-37.
[7] Y. Félix, S. Halperin and J.-C. Thomas, Rational homotopy theory. Graduate Texts in Math-
ematics 205, Springer-Verlag, 2001.
[8] S. Halperin , Rational Homotopy and Torus Actions, Aspects of Topology, London Math. Soc.
Lecture Notes, Vol. 93, Cambridge, Univ. Press, 1985, pp. 293-306.
6 YOUSSEF RAMI
[9] M. R. Hilali and M. I. Mamouni, A conjectured lower bound for the cohomological dimension
of elliptic spaces, J. Homotopy Relt. Struct. Vol. 3 (2008) pp. 379-384.
[10] M. R. Hilali, Action du Tore Tn sur les espaces simplement connexes, Ph. D. Thesis, Uni-
versité Catholique de Louvain, Belgique, (1990).
[11] T. Kahl and L. Vandembroucq, Gaps in the Milnor-Moore spectral sequence. Bull. Belj.
Math. Soc. Simon Stiven Vol. 9 Num. 2 (2002) pp. 265-277.
[12] L. Lechuga and A. Murillo , A formula for the rational LS-category of certain spaces. Ann.
L’inst. Fourier, 2002.
[13] G. Lupton, The Rational Toomer Invariant and Certain Elliptic Spaces, Contemporary
Mathematics, Vol. 316, (2002), pp. 135-146.
[14] V. MUNOZ, Conjetura del Rango Toral Confèrencies FME Volum III, Curs Gauss 2005-2006,
359-379. Publicaciones de la Sociedad Catalana de Matemáticas, 2008. Traducido al inglés por
Giovanni Bazzoni: Toral Rank Conjecture
[15] O. Nakamura and T. Yamaguchi, Lower bounds for Betti numbers of elliptic spaces with
certain formal dimensions, Kochi, J. Math. 6 (2011), 9-28.
[16] D. Sullivan, Infinitesimal computations in topology. Publ. Math. IHES (1978) 269-331.
